In view of an equal qualification of Brans and Dicke's gravitational theory to Einstein's general theory of relativity on an experimental level, the problem of Mach's principle, fundamental in the former theory, is studied by the use of the retarded bi-~calar Green's function for their inertial field ifJ in a homogeneous and isotropic universe. After deriving concretely the relevant Green's function, we show that Brans and Dicke's cosmology is compatible with their stipulation of Mach's principle, with some proviso about the radiation universe in which the trace of the energy-momentum tensor is vanishing. § 1. Introduction and summary
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Four dimensional Green's functions play an essential role in the treatment of the propagation of action, not only in the Minkowski space-time, but also in a curved space-time. As regards a massless scalar field and. the electromagnetic field, a formal procedure to derive the Green's functions of these fields in any Riemannian space-time has been given by De Witt and Brehme/) but it is in general difficult to find their exact expressions by means of that procedure. Several years ago, however, the author and Kimura 2 ),*) derived concretely the Green's functions in a homogeneous and isotropic universe .to deal with the quantum nature of gravitons and photons in the universe.
On the other hand, the recent discovery3) of the cosmic background radiation of T= 3°K provides us with a renewal of inter~st in the worl9. models with the big-bang origin. Among various cosmological theories permitting the bigbang models, the most interesting will be the a-/1-r-theory4) based on general relativity and Brans and Dicke's theory5) based on their gravitational theory with variable gravitation "constant". The reason is that, according to' Dicke,6) the two gravitational theories alone can reasonably explain the so-called three crucial tests and give results which are in accord with astrophysical observations examined in the light of modern stellar evolutionary theory. The underlying philosophy of Brans and Dicke's gravitational theory IS, however, considerably different from that of Einstein's, because they have considered that the E6tv6s experiment gives an experimental support of the" weak *) We shall refer to this paper as NK in what follows.
equivalence principle" (but not the "strong equivalence principle" in general relativity) which" together with Mach's principle on the origin of inertia, leads us to the conclusion that the gravitation" constant" G can vary in time and space. In fact, according to their theory, the gravitational and inertial interaction IS described by the metric tensor g #V and the massless scalar field ¢ = G-l so as to be compatible with Mach's principle.
Though there are a diversity of interpretations 7 ) as for Mach's principle, Brans and Dicke's interpretation 5 ) is nothing but the requirement that the retarded solution of the inhomogeneous wave equation for ¢ must be compatible with the field equations for g #v. They asserted that their world models filled with dustlike matter satisfy the above requirement, without construction of the retarded Green's function on which the solution ¢ relies, but with an implicit assumption that the retarded Green's function in the Minkowski space-time may be applicable with good approximation.
It must be noticed, however,' that we must know in advance the metric tensor g#v in order to construct the required Green's function ,and that, even in the case of massless scalar field, the relevant Green's function in a homogeneous and isotropic universe is nonvanishing not only on the past light cone, but also inside the light cone in general,5) contrary to its counterpart in the Minkowski space-time. In addition, the retarded solution ¢ becomes formally zero if its source T=g #V T#v (T#V is the energy-momentum tensor of matter and radiation) is vanishing. This means that the gravitation "constant" G is infinitely large in the radiation universe such as T=O, in contradiction to our expectation.
Because of the above circumstances, it will be worthwhile to study the biscalarl) Green's function in a homogeneous and isotropic universe with the bigbang orjgin and to examine whether Brans and Dicke's cosmology is compatible with Mach's principle, as they asserted. The study will also be useful in the elucidation of Al'tschuler's8),*) or Lynden-Bell's9) approach to the unification of the general relativistic cosmology with Mach's principle by the use of the retarded bi-tensor Green's function, because the latter Green's function will be In an intimate connection with ours.
In § 2 we shall start with our general expression 2 ) for the retarded or advanced bi-scalar Green's function in a homogeneous and isotropic universe whose spatial section is flat, i.e. k = 0, and show by the method of series expansion that it leads us to a concrete form of the required Green's function in the case of big-bang models. In § 3 we shall prove that the Green's function thus derived is valid even when we are concerned with two arbitrary events x# and x#' such that the series expa,nsion is no more valid, and show further that our results, are easily extended to the big-bang models with non-flat spatial section, i.e. k = 1 *) He has asserted that the Friedmann universe is incompatible with his Mach's principle, but it is not necessarily well-grounded because of his too severe boundary condition, i.e. Eg. (16).
or -1, but with a special scale factor a = a (t) . In § 4 Brans and Dicke's cosmological equations are solved in such a way that the metric tensor g 1'" for the big-bang models to be examined is of the type specified in § 3. In § 5 we shall show that Brans and Dicke's assertion about Mach's principle is affirmative with some proviso, so far as the world models with k = 0 are concerned. § 2. Bi-scalar Green's function in a homogeneous and isotropic universe with k = 0
As IS well known, the metric for a homogeneous and isotropic universe with k = 0 is represented by (2 ·1) where xl' = (t, x) = (t, x, y, z) are the coordinates comoving with the cosmic matter, so that t is equal to its proper time, and a (t) the scale factor.· According to NK, the retarded or advanced Green's function for a massless scalar field in the expanding universe specified by the metric (2 ·1) IS given by
is a bi-scalar satisfying homogeneous wave equations:
together with the boundary conditions: 
In which to t o / k is a particular (for instance, present) epoch such as a (to) = 1 .
In the paper NK, we derived concretely three alternative forms of D (x, x') which correspond to the steady-state universe (a(t) =exp{(t-to)IT} with T= const>O) , the Einstein-de Sitter universe (a (t) = (tl to) 2/3) and the radiation 11,niverse (a (t)= (tl to) 1/2), respectively, the last two of which are big-bang models in the general relativistic cosmology. In· order to find the required Green's function in Brans and Dicke's cosmology, let us assume here that
In this case, Eq. (2·6) is reduced to the following form:
. where
Accordingly, it follows from Eqs. (2·7) and (2·9) that where jm is the spherical Bessel function of the m-th order and
It is well known that the first k-integral leads us to nrc (r) 0 (r 2 -r2) and we can prove by means of mathematical induction that
where s(r) =8(r) -8( -r) =8(t-t')-8(t' -t) and 8(r 2 -r 2 )
is the step function such that 8 (0) = 1/2. Accordingly, we obtain
where r2 -r2 = 0 specifies a light cone.
Equation (2 ·17 
z(l+z)JI/(z) +2(1+2z)J'(z) -(2;2-9/4)J(z) =0, (3· 2)
which is easily converted to Gauss', hypergeOIpetric differential equation. In order that Eq. (3 ·1) may be identical with Eq. (2 ·17) at z = 0, we must have'
It follows from the above two equations that 
Dret(x, x') = B(r) {a(t)a(t ' )}-1[o(r2-r2)

2rc
+ (v 2 -1/4)F(3/2-v, 3/2+v, 2; -z)()(r2-r2)/4TT'J,
where we have used the relation e
(r)()(r) =()(r) , and z=(r 2 -r 2 )/4TT' and v=(3q-1)/2(1-q) (l>q>O). Extension oj the above results to the case oj an expanding universe with k= 1 or -1
Until now we have solely considered a class of world models specified by the metric (2 ·1), but the metric is simply one of three possible metrics for a homogeneous and expanding universe. Accordingly, we shall examine the way in which we can extend the foregoing results on the Green's function to the case of an expanding universe specified by the metric
where () (X) = sin X or sh X according as k = 1 or -1. In the above mentioned universe, the quantity r appearing in Eq. (2·5) from which Eq. (2 ·17) has been derived is no longer useful and it must be replaced by the geodesic interval u (xi, xi') in the 3-space specified by the metric du 2 = rijdxidx j , i.e.
lim u (x, x') = 0 , (3 ·7)
X'---7X
where rijrilC = 0',/ (r=det (rij) >0) and x is an abbreviation of Xi. It is to be noticed that the three dimensional bi-scalar u (x, x') satisfies the following relation:
(3·S) (x, x' ). After the above preparation, in analogy with Eq. (3 ·1), let us asSume that
where z= (r 2 -u 2 )/4TT'. In order that Eq. (3·9) may satisfy the wave equations (2·2) and the required boundary conditions, we must have (3 ·10) in addition to the requirement that fez) must be given by Eq. (3·4), with the proviso that the relation V = (3q -1) /2 (1-q) does no more hold. It follows from Eq. (3 ·10) and 
¢).,¢).,) / ¢2
from which we obtain -(¢; p"-gp"D¢)/¢,
where w (~6) is a numerical parameter to be ultimately settled, ¢p=a p¢ and other symbols have their usual meaning. If we know the relevant Green's function D ret (x, Xl), Eq. (4·2) can be solved as follows:
whose consist~ncy with Eq. (4 ·1) in the case of a homogeneous and isotropic universe is the problem to be examined, where a=Sn/ (3 + 20) ).
I
Let us consider an expanding universe specified by the metric (2 ·1), in which T/ is of the form Too = -P (t), T/ = T22 = T 3 3 = P (t). Then it follows from Eqs. (4·1), (4·2) and (4·3) that
where ¢ = ¢ (t). Brans 
where T(==T(tJ and we have used the relation:
Eqs. (2·10) and (4·8)).
On the other hand, the expression for ¢ (t) in Eq. (4·7) can be rewritten as
In order that the retarded solution ¢let (t) given by Eq. (5 -2) may be identical with the above ¢ (t), we must have In order that the above relation may hold, we must have
which are also sufficient to secure the relation. It is to be noticed, however, that the restriction for q specified in Eq. (2·8), i.e. l>q>O, will be too weak to secure the inequalities (5·8) in harmony with the requirement that 0::::;;; 
3-2v
(0::::;;; ) n < . ( : : : : ; ; ; 1/3) .
(1 + 2v)
.
It is easily seen that almost all world models belonging to the type specified by Eq. (4·7) satisfy the above inequality, but it is not the case as regards the radiation universe specified by q = v = 1/2 and n = 1/3.
The difficulty appearing in the radiation universe is not oJ}.ly due to the situation that T= 3p -p = 0 in the model (cf. § § 1 and 4), but also due to the situation that the first integral in Eq. (5·7) becomes infinitely large, i.e. the left-hand side ofEq. (5·7) is of the form 0 X 00 in the case of the radiation universe. The difficulty is, however, eliminated, if we reinterpret the radiation universe as a limiting case of such a world model as n = 1/3 -8 (0<8<1) and q = 1/2 + 0 (8)' in the limit of 8~0. In fact, for the latter world model, the lefthand side of Eq. (5·7) is of the form which becomes unity, if we take the limit 8~0 after performing the required integration . . With the above proviso, we may say that any world model belonging to the type specified by Eq. (4·7) is compatible with Mach's principle (4·4), in which
